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Development of High-Performance Airfoils for Axial Flow
Compressors Using Evolutionary Computation

Ernesto Benini¤ and Andrea Toffolo†

University of Padova, 35131 Padova, Italy

An original multiobjective optimization method is used to support the generation of a new family of pro� les
for two-dimensional cascades suitable for subsonic compressors. The aim of the optimization is to maximize the
pressure ratio and to minimize the pro� le losses of a cascade, while conforming to a functional constraint on the
operating range. The method uses an evolutionary algorithm featuring a novel evaluation technique conceived for
multiobjectiveproblems and a blade-to-bladeinviscid/viscous solver for calculating� ow quantities. As an example,
an excerpt of optimized pro� les is presented, and their performances are compared with those of conventional
NACA 65 pro� les. The new pro� les show superior design performances both in ef� ciency and pressure rise, as
well as a tolerance to incidence angles comparable to conventional pro� les. The reasons of this improvement are
discussed in detail on the basis of rigorous loss analysis.

Nomenclature
b = streamtube thickness,m
Cl = lift coef� cient
Cn;i = i th coef� cient of Bezier curves
C p = pressure coef� cient
F = vector of objective functions
f = objective function
l = chord length, m
M = Mach number
Pm = mass � ow rate, kg/s
p = pressure, Pa
pmut = mutation probability
r = radius, m
Re = Reynolds number
T = pitch, m
t = nondimensionalparameter
u = axial velocity, m/s
V = speed, m/s
v = tangential velocity, m/s
x = vector of decision variables
® = angle of attack, ¯1 ¡ °c , deg
®1 = incidence angle, deg
¯ = � ow angle, deg
° = isentropic coef� cient of gas
°c = stagger angle, deg
±¤ = displacement thickness, m
2 = momentum thickness, m
µ = peripheral coordinate, deg
µinl = inlet metal angle, deg
µout = outlet metal angle, deg
½ = density, kg/m3

¾ = solidity
! = total pressure loss coef� cient
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Subscripts

e = exit
max = maximum
min = minimum
ps = pressure side
ss = suction side
te = trailing edge
0 = total
1 = upstream of the cascade
2 = downstream of the cascade

Superscripts

is = isentropic
¤ = design value

Introduction

I N the past two decades, signi� cant improvements in the � eld of
gas-turbineengineshaveoccurredfollowingthe requirementsfor

both increased ef� ciency and higher aerodynamic loading of com-
pressors.The � rst milestone consisted in the developmentof a fam-
ily of nonconventionalairfoils,controlleddiffusionairfoils (CDA),1

whichhave immediatelypushedtheperformancesof compressorsto
a signi� cant higher level in comparison to standardairfoils used be-
fore. To achievethis goal, the combinationof compressiblepotential
� owcodeswith boundary-layercodeswas straightforwardto control
the growth of boundary layer and the prevention of its separation.

Further advances in compressor technology were gained with
the second generation of CDA for multistage bladings,2 CDA-II.
This family of airfoils followed the extension of the results for the
� rst generationof CDA into the endwall regions. The design model
combineda two-dimensional,potential blade element solution with
a compressible boundary-layer calculation from hub to shroud. A
vortexmodelincludingwall friction,tip clearance,andshroudcavity
effects was superimposed on this base. The test performed in the
mid-1980srevealedthat theCDA-II hadproduceda 1.5%increasein
ef� ciency and 8% higher surge margin relative to the CDA baseline.
This result led to a substantial improvement in surge-freeoperating
capability and ultimately to a greater pressure ratio available per
single stage.

Such improvementsshowed thatpro� le familieswith constrained
camber and thickness distribution were no longer necessary: these
could be speci� ed almost arbitrarily by the designer to achieve the
best compressor performances.

More recently, the availability of increasingly larger and faster
computers has greatly encouraged the use of computational � uid
dynamics (CFD), alongwith optimizationtechniquesto gain further
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improvementsin compressorperformanceby exploringnonconven-
tional blade con� gurations. Today such applications are numerous
and have become popular worldwide. Obayashi3 faced the multi-
objectiveoptimizationproblem of maximizing the pressure rise and
ef� ciency of compressor cascades with a Pareto genetic algorithm
anda Navier–Stokessolver.Pierret4 usedanarti� cialneuralnetwork
coupled with a Navier–Stokes solver to maximize the ef� ciency
and/or operating range of two-dimensional compressor cascades
and then staggered them in the radial direction to obtain the three-
dimensional blade. Köller et al.5 and Küsters et al.6 recently devel-
oped a new family of compressorairfoils, characterizedby low total
pressure losses and larger operating range with respect to standard
CDA, using a gradientoptimizationmethod and an inviscid/viscous
code.

The use of CFD has demonstrated its usefulness and reliability
for predicting � ow quantities; optimization techniques have shown
an interestingcapability to � nd optimal solutions for complex prob-
lems. Among optimizationtechniquesavailable today, evolutionary
algorithms7¡9 are preferable to other local methods because they
have been shown to be powerful tools in handling multimodal, non-
convex, and multiobjective problems. Gradient-based optimization
methods are still in use only for special quadratic cases.

Until now, however, the use of evolutionary techniques in com-
bination with CFD codes for solving multiobjective optimization
problems in compressor aerodynamics has been limited by the
tremendous computational effort required. Because the large ma-
jority of the computational time is spent in the evaluation process
of the objective function, a faster solution approach to calculate the
� ow� eld would be more appropriate. From this point of view, the
use of Euler solvers with an integral boundary-layer approach are
more desirable than Navier–Stokes codes, at least to predict � ow
quantities in the vicinity of the design point of the machine. On the
other hand, the available evolutionary optimization techniques are
not effective enough in exploiting information from a populationof
candidatesolutions to the optimizationproblem, so that the number
of generations required to get the optimum is usually great, thus
penalizing the convergenceprocess.

In this paper, a powerful evolutionary optimization code is pre-
sented to support the development of a new generation of optimal
airfoils for axial compressors. The scope of the optimization is to
maximizebothaerodynamicef� ciencyand pressureriseof subsonic
cascades. The optimization code is carried out by the combina-
tion of a geometry code for the airfoil description,a blade-to-blade
inviscid/viscoussolver, and a numericalevolutionaryalgorithmfea-
turing a novel evaluation technique.

Scope of the Design Optimization
The ultimate goal of compressor design is to create a blade with

maximumpressurerise and minimumtotal pressureloss, alongwith
an acceptable tolerance to incidence angles variations.A number of
differentdesign choices can be carried out to reach this goal. When
a cascade of airfoils is considered, the � ow may be turned by a
high cambered pro� le at low incidence angles or, equivalently, by
a low cambered pro� le having marked positive incidence. In this
respect, the shape of the pro� le plays an important role because it
affects the nature of the boundary layer on the suction side and,
therefore, the amount of pro� le losses. On the other hand, the de-
signer may use a high solidity cascade to decrease the aerodynamic
loading on a single pro� le, thus reaching the maximum pressure
rise with the whole blade row, or may adopt a low solidity cascade
to minimize the friction losses for a prescribed pressure rise. All
of these choices involve a decision-making process that makes the
design a challenging task.

In a compressorcascade, the pressure rise is achievedby enthalpy
exchange from the dynamic head (relative or absolute, according
to the type of motion) and can be calculated using the following
nondimensionalpressure ratio (PR) (Fig. 1):

PR D Np2=p1 (1)

On the other hand, the total pressure loss coef� cient can be de� ned
using the following equation:

Fig. 1 Two-dimensional cascade geometry for axial � ow compressors.
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where the superscriptis denotes the � nal isentropicstate of the ther-
modynamic process. In the preceding equations, the actual static
pressure downstream of the cascade is calculated according to the
mixed-out state hypothesis.10 According to this hypothesis, the im-
plicit state of the � ow in an arbitrary plane downstream of the cas-
cade is obtained analytically from the known stagnationconditions,
mass � ow rate, and angular momentum:
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where T is the pitch and V D
p

.u2 C v2/ is the speed. 2 and ±¤

are the momentum thickness and the displacement thickness of the
boundary layer at the cascade exit plane. The mixed-out quantities
in Eq. (3) can, thus, be used to calculate the Mach number and the
total pressure at the station downstream:
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The determination of the maximum pressure rise that can be
achieved in a compressor cascade is vital in the design of high-
performance axial-� ow compressors.As the pressure rise increases
for a given inlet � ow angle, the pro� le tends to become more cam-
bered or to have higher incidenceangles and, thus, to have a suction
side more exposed to � ow separation due to the adverse pressure
gradients. In these circumstances, the total pressure losses gener-
ated inside the boundary layer, in the wake, and in separated � ow
regions become remarkable, and they quickly convect in the mean
� ow. Moreover, the high-pressurerise associatedwith large turning
at high inlet angles promotes turbulent separation so that the stall
angle of attack moves progressivelycloser to the design value when
section camber increases. Therefore, both pressure rise and total
pressure loss are linked in such a way that the improvements ob-
tained in one of the two signi� cantly affect the other. In otherwords,
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a con� ict appears between the two objectives of the design, so that
a tradeoff between pressure rise and ef� ciency is unavoidable.

The aim of the optimization problem presented here is to maxi-
mize the two-objective function:

F.x/ D . f1; f2/ D .PR; 1 ¡ !/ (5)

where x is the vector the unknown optimization parameters or de-
cision variables of the design.

Geometry Description

The pro� le geometry is described using parametric curves. As
shown in Fig. 2, the shape is parameterizedusing two Bezier curves
(one for the pressure side and one for the suction side). Each curve
is de� ned by n C 1 control points constituting the Bezier polygon.
Therefore, the general expression for the Cartesian coordinates of
the pressure side and the suction side is
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where t 2 [0; 1] is the nondimensionalparameter of each curve and
Cn;i are coef� cients de� ned as

Cn;i D n!=i !.n ¡ i/! (7)

The control points’coordinateson the airfoil contour are de� ned by
the following equations:

x.i/ D
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ycl.i/ ¨ ±.i/; if 1 < i < n ¡ 1
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(9)

where ycl.i/ and ±.i/ are the i th components of the primary control
points, that is, the parameter set of the optimization for pro� le ge-
ometry (Fig. 2). This method is inspiredby the well-known practice
of combining a camber line with a thickness distribution superim-
posed to the camber line. This method is effective in avoiding the
creation of useless pro� les that would come from the intersection
of the pressure and the suction surface if these were de� ned sepa-
rately. The leading-edgeand trailing-edgecurvatures are described
by control points lying on the x D 0 and 1 axes, respectively.When

Fig. 2 Geometry parameterization of an airfoil using Bezier curves,
squares are control points of Bezier curves.

this method is used, the direction of the camber line at the leading
and the trailing edge can be well approximated by

µinl D
ycl.1/

x.2/
; µout D

ycl.n ¡ 1/

x.n/ ¡ x.n ¡ 1/
(10)

so that the incidence angle ®1 D ¯1 ¡ µinl can be easily speci� ed.
In the present study, the decision variables are 1) airfoil shape

parameters n D 6 (Fig. 2), 2) chord length l, 3) pitch T , and 4) inci-
dence angle ®1 .

Constraints

When optimizationproblems are solved, it is important to search
for feasible optima. The condition of feasible optimality can be
obtained using appropriateconstraints.Because the number and the
type of constraints strongly affect the nature of the optima, the use
of speci� c limiting conditions must be carefully studied, and their
effectspossiblypredicteda priori.Moreover,appropriateconstraint-
handlingtechniqueshave to beused to discriminatebetweenfeasible
and infeasible solutions.

Some authors imposed constraintson the maximum airfoil thick-
ness and on the area delimited by the airfoil pressure and suction
sides3;11 and used suitable penalty functions to handle them. How-
ever, such constraints do not necessarily lead to feasible airfoils,
especially from a structural point of view, because the geometric
properties of an airfoil are not globally de� ned only by the maxi-
mum thickness and the contour area. Nevertheless, they are useful
to make comparison with existing airfoil geometries in retro� tting
design problems.

Recently, Köller et al.5 used a functional constraint on the com-
plete operating range of a compressor cascade and included it in a
single-objective function of the optimization using a heuristic fac-
tor. Benini and Toffolo12 showed how to constrain the � ow turning
angle of deceleratingcascades using exponentialpenalty functions.

In this work, a constraint on the operating range of the pro� le
was adopted, and no conditions on the structural properties of the
airfoil were considered. As is well known, the operating range of
a compressor cascade can be de� ned as the interval of incidence
angles for which the total pressureloss ! doubles its minimumvalue
or, alternatively, the value chosen as a reference for the design, !¤.
To include the operatingrangeas a constraint,the lattercriterionwas
adopted.For a generic cascade, the total pressureloss was measured
in � ve operating conditions de� ned by ¯1 ¡ ¯¤

1 D 0, §2:5, §5 deg
(as shown in Fig. 3) and compared to that of the design. To satisfy
the constraint, the following condition had to be veri� ed at each
operating point i :

!i =!¤ · 2 8i D 1; :::; 5 (11)

The constraint on the operating range has an incisive impact both
on � uid dynamic and structural aspects. It is primarily useful for

Fig. 3 Total pressure loss as function of inlet � ow angle at the design
point, dots are the sampled points considered in constraint evaluation.



BENINI AND TOFFOLO 547

determining an acceptable stall/surge margin of the compressor.
Moreover, it controls indirectly the shape of the leading edge by
making it suf� ciently rounded and regular and addresses the geom-
etrysearch toward pro� les havingadequatestructuralstrength.Such
a condition is de� nitely useful in governingthe maximum thickness
of the pro� le without explicit constraints that would limit the ex-
ploration of nonconventionalsolutions within the design space.

Multiobjective Evolutionary Algorithms
Multiobjective Optimization and Pareto Concepts

In multiobjective optimization problems, the simultaneous ac-
complishmentof a number of different and often con� icting criteria
is required.These objectivescan be seen as distinctmeasuresof per-
formance of the system to be optimized and may be (in)dependent
and/or incommensurable.

A multiobjective optimization problem is mathematically de-
� ned as the maximization of the components of a vector F(x)D
[ f1.x/; f2.x/; : : : ; fm .x/], where F is the evaluation function that
maps the candidate solutions in the decision variable space [such
as x D .x1; : : : ; xn/] to the performances in the objective function
space(Fig. 4). It is very dif� cult to establisha prioriwhethera global
optimal solution to a multiobjectiveoptimization problem exists or
not. In fact, problems having a combination of decision variables
values that maximizes all of the components of vector F simulta-
neously are hard to � nd among real-world engineering problems:
they generallyshowa (possiblyuncountable) set of solutions,whose
corresponding performances represent the optimal tradeoffs in the
objective function space.

The search toward these optimal tradeoffs among the objectives
is driven by a key concept in multiobjective optimization: Pareto
optimality. This concept is used to establish a hierarchy among
the solutions by comparing the performances scored in the single-
objective functions. First, the de� nition of Pareto dominance must
be introduced: a vector u D .u1; : : : ; um / in the objective function
space is said to dominate v D .v1; : : : ; vm / if and only if all of
the components of u are greater or equal to the ones of v and at
least one component of u is strictly greater than the correspond-
ing one in v. Then a solution x D .x1; : : : ; xn/ of a multiobjec-
tive optimization problem is said to be Pareto optimal with re-
spect to the entire decision variable space if and only if there is no
other solution x0 for which F(x0) D [ f1(x0/; : : : ; fm(x0)] dominates
F(x) D [ f1(x/; : : : ; fm (x)] (Fig. 5).

The set ofParetooptimalsolutions,whichcoincideswith the setof
the optimal tradeoffs among the objectives, is also called the Pareto
optimal set, and the set of the correspondingvectors in the objective
function space is called the Pareto front.

Evolutionary Algorithms for Solving Multiobjective
Optimization Problems

The solutionof a multiobjectiveoptimizationproblemrequires1)
� ndingsolutionsclose to the truePareto optimalset and2) spreading
solutions over the entire Pareto optimal set, � nding combinations
of decision variables that are widely different from each other, and
introducing no bias toward any particular objective.

Fig. 4 Representation of a multiobjective optimization problem.

Fig. 5 Pareto dominance and Pareto optimality.

Classical search and optimization methods are destined to fail
when facingmultiobjectiveoptimizationproblemswith Pareto’s ap-
proachmainly becausethey are unable to � nd multiple solutionsin a
single run, and they have to be applied as many times as the number
of Pareto optimal solutions required. Moreover, there is no guaran-
tee that the solutionsfound through the repeatedapplicationof these
methods are spread enough over the Pareto optimal set. Such issues
arise, for example, using the linear objective function aggregation
technique5: a virtual objective function is built by weighting the
original objective functions, throughpriority coef� cients,but only a
singlesolutioncanbedeterminedfor each virtualobjectivefunction,
and the prioritycoef� cients have to be varied to � nd other solutions.

Pareto’s approach to multiobjectiveoptimizationwas instead im-
plemented in a straightforward way by the class of search algo-
rithms known as multiobjectiveevolutionaryalgorithms (MOEAs).
MOEAs have been developedover the past decade, and severe tests
on complex mathematical problems as well as on real-world engi-
neering problems have shown that they can remove the cited dif� -
culties faced by classical methods.

An evolutionaryalgorithmuses both stochastic and deterministic
elements and aims at imitating aspects of the natural evolution of
biological organisms: the arti� cial evolution process starts with a
randomly initialized population of individuals (a set of points in
the search space) that evolves following the Darwinian principle of
the survival of the � ttest. New generations of solutions are created
using some simulated evolutionaryoperators, such as crossoverand
mutation: the probability of survival for each individual depends
on its � tness, that is, on how well it performs with respect to the
objective(s) of the optimization problem.

Because MOEAs use a populationof solutionsduring the search,
a single run will � nd many Pareto optimal solutions; moreover, by
addinga diversity-preservingmechanismto the algorithm,solutions
can be widely spread over the Pareto optimal set.

Genetic Diversity Evaluation Method

An MOEA without a diversity-preservingmechanismwould pre-
maturely converge toward the � rst few Pareto optimal solutions
found; therefore, a technique that aims at the maintenance of ge-
netic diversity within the population must be included in the basic
scheme of the evolutionary algorithm.

A number of different methods have been proposed to perform
the task: they usually promote the formation of stable subpopula-
tions, called niches, along the Pareto optimal set, introducing some
modi� cations to the selectionand/or replacementprocess.See Deb9

for an up-to-date review of the subject, in particular Srinivas and
Deb’s Nondominated Sorting Genetic Algorithm and Zitzler and
Thiele’s Strength Pareto Evolutionary Algorithm. These methods
have been widely tested and successfully applied, but their perfor-
mance is affected by the de� nition of arbitrary parameters that are
dif� cult to be set without prior knowledge of the objective function
space.

Recently, a new diversity-preservingmethod, the Genetic Diver-
sity Evaluation Method (GeDEM), has been developed by Toffolo
and Benini.13 The GeDEM does not follow the tradition of niching
methods, such as the � tness sharing technique and its numerous
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variants, but intends to make a compromise between the funda-
mental tasks of a search algorithm: the exploration of the search
space and the re� nement of the search around the most promising
regions. The method was inspired by the considerationthat an ef� -
cient explorationof the search space and the preservationof genetic
diversity within the population are clearly connected; however, the
mutation operator alone is not suitable for these tasks because it
tends to produce low-ranked individuals,which are immediately re-
jected or have very poor mating chances. The evaluation method
should emphasize not only the best-ranked individuals,but also the
ones that are much different from the rest of the population, that
is, the individuals that are necessary to keep alive the exploration
of the search space. Thus, a two-objective evaluation is needed to
combine these needs. After the usual evaluation of the individuals
through the objective functions,the GeDEM performsan additional
evaluation step consideringa measure of genetic diversity as an ob-
jective of a two-criteria optimization problem, the other objective
being the Pareto rank scored in the objectives of the original opti-
mization problem.Then, the GeDEM once again ranks the solutions
according to the concept of Pareto optimality, with slight modi� -
cations that are introduced to consider the special case of solutions
having the same rank in the objectives of the original optimization
problem.

Optimization Tools
Blade-to-Blade Code

Flow quantities were calculated using the MISES solver devel-
oped at the Massachusetts Institute of Technology.14 MISES is a
collection of programs for cascade design and analysis for com-
pressible viscous � ows over an arbitrary quasi-three-dimensional
cascadeof airfoils. (It was originallydevelopedfor airfoils,and later
it was reprogrammedto allowcascadeanalysis.) In this code,a zonal
approach is used to solve the viscous � ow indirectly, and an equiv-
alent inviscid � ow is postulated outside a displacement streamline
that includes the viscous layer. The equivalent inviscid � ow is de-
� ned as locally irrotational and containingall of the mass � ow. The
viscous effects are modeled using the mass � ow defect. The inner
boundary of the equivalent inviscid � ow is displaced outward from
the wall by the displacement thickness of the boundary layer. The
outer inviscid � ow is solved using the steady-stateEuler equations,
and the boundary-layer � ow is solved using an integral boundary-
layer method. MISES uses a modi� ed Abu-Ghannam/Shaw tran-
sition criterion (see Ref. 15) to predict the transition region of the
boundary layer from laminar to turbulent.The outer � ow is coupled
with the boundary-layer� ow through the edge velocity and density.
Because the inviscid and viscous solutions are fully coupled and
solvedsimultaneously,� ows involvingseparationcan be calculated.
However, it can handle only moderate stall phenomena because, for
massive separations,the iterationproceduredoes not converge.The
in� uence of the stream tube height is taken into account, and for
localsupersonicregions the arti� cial viscosity formulation is imple-
mented. Flow quantitiesof interest, such as exit � ow angle,pressure
rise, and total pressure loss, are calculated using the equations of
mass, momentum, and energy conservation.Structuredgrids (I type
and H type) with elliptic smoothing are employed for space dis-
cretization. Figure 6 shows an example of a computational I-type
grid for subsonic compressor cascades that was used in the present
study.

Validation of the Blade-to-Blade Code

Because the validity of the optimizationprocess depends mainly
on the precision of � ow computations, an extensive validation of
the blade-to-blade code was carried out. For this purpose, compar-
isons between available experimental data, as test cases in the open
literature,and MISES calculationswere performed.Such an investi-
gation was useful to assess the reliability of the code for computing
the � ow quantities relevant to the optimization process. In partic-
ular, pressure and Mach number distribution on the blade contour,
pressurerise, total pressurelosses,and � ow turningwere considered
for validation.

Fig. 6 I-type grid used in simulations of compressor cascades.

Figure 7 shows pressure and Mach number distribution on the
pressure and the suction side of a NACA 65 cascade of airfoils at
low speedhaving¯1 D 30 deg, ¾ D 1, andaxialvelocitydensityratio
(AVDR) D 1.0, for ® D 18 and 24 deg. The computed values exhibit
good agreement with experimental data.16 The values of PR, total
pressure losses, and � ow turning were comparedwith experimental
values, as well for a large number of incidence angles. The results
obtainedare regardedas satisfactoryin all of the conditionsexplored
during the validation.

Optimization Code

The structure of the MOEA used in the present work follows
the main steps of a ¹ C ¹ evolution strategy8 (Fig. 8). However,
decision variables are coded in binary strings, as is usually done in
genetic algorithms.

In the � rst step, parents’ selection is performed, each individual
having the same probability of being chosen. (The actual struggle
for survivaloccursafter theevaluationstep,when only ¹ individuals
survive among the ¹ C ¹ available.) Then parents enter the repro-
duction step, generating ¹ offspring through a crossover strategy.
Some bits of the strings coding the decision variable values of the
offspring are also randomly mutated with a probability pmut. The
whole population of ¹ C ¹ individuals is also checked for possible
clones. Clones are then destroyed and replaced with new randomly
generated individuals, to encourage the exploration of the search
space and to give the GeDEM a clearer picture of the actual ge-
netic diversity within the population.The objective function values
of the ¹ offspringare then evaluated,and there is a Pareto rankingof
the ¹ C ¹ individuals according to Goldberg’s scheme,7 by which
the population is divided into waves of individuals having differ-
ent ranks, each wave dominating the others with a lower rank. The
whole population of ¹ C ¹ individuals is also processed to deter-
mine its genetic diversity. In this algorithm, the chosen measure of
genetic differenceassignedto an individualis the minimum normal-
ized Euclidean distance in the decision variable space from another
individual. The next step of the algorithm is the application of the
GeDEM: a new Pareto ranking is performedon the ¹ C ¹ solutions,
usingas objectivesthe ranksobtainedduring theevaluationstep, that
is, according to the objectivesof the original optimizationproblem,
and the measure of diversity. Following these two criteria, the ¹
best-ranked solutions, which are also selected to survive, are the
optimal tradeoff between the best ranked in the original objectives
and the most different. Finally, the number of generations elapsed
is compared to the established maximum number of generations:
If this termination condition is met, the process stops; otherwise,
the surviving solution become the starting population for the next
generation.
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Fig. 7 Results of the MISES code validation.

Fig. 8 Scheme of MOEA used in the present work.

Family of Optimized Pro� les
To demonstrate the effectiveness of the design tool presented in

the preceding sections, a family of optimized pro� les was created
as follows.

The well-known family of NACA 65-series of cascades for axial
� ow compressorswas consideredas reference.The pro� les belong-
ing to this family cover, for a given inlet � ow angle ¯1 and AVDR,
a wide range of � ow turning angles. The � uid dynamic inlet bound-
ary conditions, M1 D 0:5, Re1 D 106, and ¯1 D 45 deg, as well as the
cascadechord length, l D 104:7 mm, and solidity,¾ D 1, were � xed,
and among the con� gurationsavailable for that class of pro� les, the
geometries of NACA 65-8-10, NACA 65-12-10, and NACA 65-
15-10 were chosen. The performances of these geometries were
measured numerically for many values of the angle of attack.

The purpose here was to improve on the performances of the
above mentioned NACA 65 pro� les using the optimization process
described in the preceding sections,with the aim of obtaininga new

Fig. 9 Final Pareto front of the optimization compared with perfor-
mance � gures of NACA 65 cascades.

family of pro� les that dominates, under the aforementionedbound-
ary conditions, the referenceone with respect to both ef� ciency and
pressure rise. Because of the constraint formulation adopted, the
operating range of the new pro� les was also required to be at least
as large as that of the reference pro� les.

Figure9 shows thePareto frontobtainedwith 100 individualsafter
200 generations.The calculatedperformancesof NACA 65 pro� les
are reported as well. The leftmost part of the Pareto front includes
the pro� les havingmaximum ef� ciencyand lower PR; the rightmost
part includes those having maximum PR and lower ef� ciency. The
values of 1 ¡ ! found by the optimization procedure range from
.1 ¡ !/min D 0:981 to .1 ¡ !/max D 0:988 as the pressure rise ranges
from (PR)max D 1:09 to (PR)min D 1:068. The shape of the Pareto
front con� rms that at low PR it is possibleto increasepro� le loading
without penalizing the ef� ciency in a very signi� cant way; on the
otherhand, as the � ow turningmoves toward itsmaximum, a sudden
drop in the pro� le ef� ciency is unavoidable.
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Table 1 Performances of reference and optimized cascades

Cascade of pro� les PR 1PR, % ! 1!, %

NACA 65-8-10 1.070 —— 0.0143 ——
A 1.070 0 0.0123 ¡14
A1 1.086 C1.5 0.0143 0

NACA 65-12-10 1.076 —— 0.0155 ——
B 1.076 0 0.0127 ¡19
B1 1.089 C1.2 0.0155 0

NACA 65-15-10 1.086 —— 0.0180 ——
C 1.086 0 0.0142 ¡21
C1 1.090 C0.4 0.0180 0

Note that the individuals belonging to the Pareto front domi-
nate the cascades of NACA 65 pro� les. In particular, the cascade
of NACA 65-8-10, NACA 65-12-10, and NACA 65-15-10 are
dominated by individuals A, B, and C with respect to pro� le ef-
� ciency (PR being � xed) and by individuals A1, B1, and C1 with
respect to PR (pro� le ef� ciency being � xed). The superiority of
the new pro� les was quanti� ed, and the results are summarized in
Table 1.

The reasons why the new cascade of pro� les behave better than
the reference pro� les are discussed in the following section, which
provides a physical interpretationof the results obtained.

Discussion of Results
Before going into details, a preliminaryconsiderationon the tools

used to interpret the results is given.
When the method of analysis proposed by Denton17 is followed,

the two-dimensional loss in a compressor cascade may be schemat-
ically divided into two components: the blade boundary-layer loss
and the trailing-edge (or mixing) loss. The former includes the ef-
fect of boundary-layer growth on the pressure and suction sides of
the airfoil and is related to viscous dissipation by shear work in the
boundarylayers,where velocitygradientsare remarkable.The latter
comes from contributions of shear strains that occur in the wakes
or at the edge of separated � ow, that is, typically downstream of a
blade. See Denton17 for a complete treatment of this subject; here
the purpose is to recall brie� y the main aspects of that analysis to
provide the basis for a physical interpretationof results.

Once the cascadesolidity,inletMachnumber,and � ow inlet angle
havebeen � xed, the principalfactordeterminingthe loss production
of a laminaror turbulentboundarylayer is the cubeof the ratio of the
freestreamvelocityto the � ow velocityat cascadeinlet.The effectof
suction surface is the dominant in producing loss because the high-
est peak of freestreamvelocity takes place on it, in the proximity of
the leading edge. Another important factor in� uencing the loss pro-
duction in the boundary layers is the location of the transition point
from laminar to turbulent because the dissipationcoef� cient under-
goes a rapid increase from that point. These dependencies suggest
that keeping the peak velocity low, maintaining the laminar bound-
ary layer, and decelerating quickly the turbulent � ow are decisive
aspects for minimizing the blade boundary-layer loss.

On the other hand, the trailing-edge loss is basically determined
by three factors: the low base pressure effect located at the trail-
ing edge, the mixed-out loss of the boundary layers just before the
trailing edge, and combined blockage of the trailing edge and the
boundary layers. For nearly sharp trailing edges, as those consid-
ered in this work, the magnitude of the trailing-edge loss depends
mainly on the total momentum thickness and on the square of the
total displacement thickness of the boundary layers at the trailing
edge.

Asa result, the comparisonbetweentheMachnumberdistribution
on the pro� le surfaces of reference and optimized cascades, as well
as the analysis of computed boundary-layer properties, may give
rigorous justi� cations about the reason for improved performances.
In the following sections, the reference cascades of pro� les NACA
65-8-10,NACA 65-12-10, and NACA 65-15-10 are compared with
the optimized ones, A, B, C, A1, B1, and C1, according to such
criteria.

Fig. 10 Shapes of reference NACA 65 pro� les compared with those
optimized for ef� ciency and PR.
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Comparison Between Reference and Optimized Cascades

The presentationof the results is organized in the following way:
For each NACA cascade considered in this paper, the � ow charac-
teristics of the reference con� gurations are compared to both PR-
optimized and ef� ciency-optimizedcon� gurations.

The pro� le shapes are compared in Fig. 10. The computed pres-
sure coef� cient and Mach numberdistributionare given in Figs. 11–

13 at different incidence angles, whereas the same quantities are
compared in Fig. 14 at the optimal incidence of each pro� le. The

Fig. 11 Computed pressure coef� cient and Mach number distribution on reference pro� le NACA 65-8-10 and optimized pro� les, A for maximum
ef� ciency and A1 for maximum pressure recovery, over the operating range.

Fig. 12 Computed pressure coef� cient and Mach number distribution on reference pro� le NACA 65-12-10 and optimized pro� les, B for maximum
ef� ciency and B1 for maximum pressure recovery, over the operating range.

computed boundary-layer properties relevant to the discussion are
given in Table 2. The PR and total pressure loss over the operating
range are shown in Fig. 15 for the optimization results regarding
NACA 65-8-10.

High-Ef�ciency Pro� les

When the analysis presented in the preceding sections is used,
the contribution of blade boundary-layer and trailing-edge loss are
highlighted in both design and off-design conditions.
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Fig. 13 Computed pressure coef� cient and Mach number distribution on reference pro� le NACA 65-15-10 and optimized pro� les, C for maximum
ef� ciency and C1 for maximum pressure recovery, over the operating range.

Fig. 14 Computed pressure coef� cient and Mach number distribution on reference pro� les NACA 65-8-10, NACA 65-12-10, and NACA 65-15-10
and optimized pro� les A, B, and C for maximum ef� ciency and A1, B1, and C1 for maximum pressure recovery at respective optimum incidence.

In design conditions, the Mach number distribution on the pro-
� le A shows signi� cant differences with respect to that on NACA
65-8-10. Because the loss production depends on the cube of local
freestream velocity, the Mach number distribution on the suction
surface must be considered in particular. The peak value of Mach
number is almost equal in both cases, Mmax ¼ 0:65, but on A, it is
located much closer to the leading edge. This has been studiedquite
extensively in the past because it regularly happens in controlled

diffusion blades. The rapid acceleration of the � ow means that the
freestream velocity becomes very high when the laminar boundary
layer has just started to appear, so that loss production may be con-
siderablein early stagesof the followingturbulentboundarylayer. In
the present case, however, the deceleration pro� le beyond the peak
velocity indirectly leads to low losses for the following reasons.
First, the NACA chord fraction were (M=M1/ > 1 is greater than
in A. Second, despite that the region of NACA laminar boundary
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Table 2 Computed boundary-layer properties

Transition point Transition point
x=l on suction x=l on pressure

Cascade of pro� les ±¤
te=l, % 2te=l, % side, % side, %

NACA 65-8-10 4.0 1.8 47.0 64.7
A 3.4 1.5 38.7 99.3
A1 4.8 1.9 38.1 65.9

NACA 65-12-10 5.1 1.9 48.0 58.8
B 4.1 1.8 35.1 100
B1 5.3 2.3 42.2 1.6

NACA 65-15-10 8.4 1.9 38.2 67.6
C 4.8 1.8 37.6 76.8
C1 8.1 2.8 44.2 1.2

Fig. 15 Computed PR and total pressure loss coef� cient on reference
pro� le NACA 65-8-10and optimized pro� les, A for maximumef� ciency
and A1 for maximum pressure recovery, as functions of angle of attack.

layer is more extended (Table 2), the pressure gradientof A is more
favorable for keeping the turbulent skin friction low until the trail-
ing edge. As a result, the integral of loss production over the chord
length is lower for the optimized pro� le. Moreover, both the dis-
placement thickness and momentum thickness at the trailing edge
of the suction side are lower (Table 2).

Despite the Mach numberdistributionon the pressureside having
a less important in� uence on loss production in the blade bound-
ary layer, note that it is relevant in determining the propertiesof the
boundarylayer at the trailing edge and, therefore, in establishingthe
amount of the wake loss. Table 1 indicates that transition does not
occur in A, that is, the � ow remains laminar over the entire pressure
side. This contributes to keep the total displacement thickness and
total momentum thickness at the trailing edge very low in compar-
ison to those of the reference NACA pro� le, with clear bene� ts on
the reduction in the trailing-edge loss.

To summarize, the analysis on pro� le A indicates that both blade
boundary-layer loss and trailing-edge loss are lower under design
conditions; this results in lower overall total pressure loss. Very
similarconclusionsmay be drawn for the other ef� ciency-optimized
cascades, and the discussion is qualitativelyvalid for them as well.

In off-design conditions, the performances of reference and op-
timized pro� les are qualitativelysimilar due to the constraintsused
in the optimization process. However, some differences exist and
deserve to be highlighted. Figure 15 shows the total pressure loss
coef� cient and PR for both the referenceNACA 65-8-10and the op-
timized A cascadesas functionsof the angle of attack. In general, at
high incidencesthe optimizedpro� les tend to have a pressuregradi-
ent on the suction surface,which increasesat the front but decreases
remarkably toward the rear, leading to a more continuous decelera-
tion that prevents the boundary layer from separation (Figs. 11–13).
At lowincidences,NACA pro� les exhibita widerplateauof pressure
on the central part of the suction surface; however, they are again
characterizedby a higher pressuregradient toward the trailing edge.
As a result, the new pro� les show very satisfactory performances

over the entire operating range chosen as a reference (§5 deg in
terms of incidence angle variation). Note that the operating range
was implementedas an inequalityconstraint,and therefore,the opti-
mized cascadeshave at least §5 deg of tolerance to incidence angle
variation.

High-PR Pro� les

Once the inlet Mach number and inlet � ow angle are � xed, the
PR carried out by a cascade depends on � ow turning only. Once
again the Mach number distribution,as well as the propertiesof the
boundary layer, are very important to understanding the limits of
� ow de� ection and its in� uence on ef� ciency.

In design conditions, the reason for the higher PR of optimized
cascades,A1, B1, and C1, is apparentbecause the new pro� les carry
out higher � ow de� ections (Fig. 10). As far as the total pressureloss
through the cascade is concerned,the new pro� les do have the same
ef� ciency as the basic ones; this is a consequence of the balance
between lower skin-friction losses (for the same reasons given in
the preceding subsection) and higher wake losses (Table 2).

In off-designconditions, the optimized pro� les behave well over
the whole operating range (Fig. 15). Even at incidence angles very
different from the design one, the � ow is continuously deceler-
ated toward the trailing edge, keeping the performance of pro� les
satisfactory.

Conclusions
This paper described a multiobjective optimization method for

designing cascades of pro� les for subsonic axial � ow compressors
according to two objectives(maximization of PR and minimization
of total pressure loss) under a constraint on the operating range.
The method was based on the coupling of a Pareto evolutionary
algorithm and a blade-to-blade inviscid/viscous solver.

The capability of the method was demonstrated by developing a
new family of optimized cascades that have superior performances
to NACA 65 cascadesfor given inlet boundaryconditions M1 D 0:5,
Re1 D 106 , and¯1 D 45deg.The superiorityis quanti� ed in improve-
ments in the design PR per cascade (from C0.4 to C1.5%) and in
the design total pressure loss (from ¡14 to ¡21%). The range of
incidence angles was constrained at no less than 10 deg.

For high-ef� ciencypro� les, the analysisof the � ow on the surface
and downstream of it revealed lower blade boundary-layerloss and
lower wake loss both in design and off-design conditions, whereas
the PR is normally lower as the angle of attack decreasesand higher
for higher incidences (with respect to NACA cascades).

For high-PR pro� les, the results indicated a superiority of the
new con� gurations over the whole operating range, whereas the
loss distribution as a function of the incidence is similar to that
of NACA pro� les and is typically shifted toward higher angles of
attack.

By virtue of the robust coupling between the � uid-dynamics
code and the evolutionary algorithm, the methodology described
is able to carry out a two-objective optimization using 100 indi-
viduals in approximately 100 hours CPU time (on a four-processor
Compaq AlphaServer ES40, clock frequency 667 MHz). Further-
more, because the code is designed to calculate supersonicand tran-
sonic � ows, the procedure may well be applied to the optimization
of high-speed compressor cascades, even though the reliability of
� ow calculations and the computational effort must be checked in
advance.
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6Küsters, B., Schreiber, H.-A., Köller, U., and Mönig, R., “Develop-
ment of Advanced Compressor Airfoils for Heavy-Duty Gas Turbines—
Part II: Experimental and Theoretical Analysis,” JournalofTurbomachinery,
Vol. 122, No. 3, July 2000, pp. 406–415.

7Goldberg, D. E., Genetic Algorithms for Search, Optimization and Ma-
chine Learning, Addison Wesley Longman, Reading, MA, 1989.

8Schwefel, H.-P., Evolution and Optimum Seeking, Wiley, New York,
1995.

9Deb, K., Multi-Objective Optimization Using Evolutionary Algorithms,
Wiley, Chichester, England, U.K., 2001.

10Drela, M., and Youngren, H., A User’s Guide to MISES 2.3,
Massachusetts Inst. ofTechnology,ComputationalAerospace Sciences Lab.,
MIT Press, Boston, MA, 1995.

11Dulikravich, G. S., Martin, T. J., Dennis, B. H., and Foster, N. F.,
“MultidisciplinaryHybrid Constrained GA Optimization,” EvolutionaryAl-

gorithms in Engineering and Computer Science, edited by K. Miettinen,
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